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Abstract
This study concerns the analysis of thermoelastic characteristics of a thin circular functionally graded ma-
terial (FGM) rotating disk having a concentric hole and subjected to a thermal load. The Young’s modulus,
coefficient of thermal expansion (CTE), and density of the disk are assumed to vary exponentially in the
radial direction only while the Poisson’s ratio is assumed to be constant. The incompatible eigenstrain de-
veloped in the FGM disk due to nonuniform coefficient of thermal expansion and change in temperature
is taken into account. Based on the two-dimensional thermoelastic theories, the axisymmetric problem is
reduced to the solution of a second-order ordinary differential equation. Using the variational approach and
Ritz method, a finite element model is developed for numerical solution of the problem. The model is veri-
fied for a homogeneous circular rotating disk and demonstrated for an Al2O3/Al FGM disk. Some numerical
results of thermoelastic field in the Al2O3/Al FGM disk are presented and discussed. It is found that the ther-
moelastic characteristics of an FGM disk are largely dependent on temperature distribution profile, radial
thickness of the disk, angular speed of the disk, and the inner and outer surface temperature difference, and
can be controlled by controlling these parameters.
© Koninklijke Brill NV, Leiden, 2010

Keywords
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1. Introduction

Functionally graded materials (FGMs) consist of two or more distinct material
phases whose volume fractions continuously vary with space variables. Conse-
quently, these materials have continuously varying mechanical and thermal proper-
ties. Usually, a ceramic is used at one surface to resist severe environmental effects,
such as high temperature, wear, and corrosion, and a metal is used at the other
surface to ensure high toughness and thermal conductivity. Therefore, an FGM is
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198 J. Go et al. / Advanced Composite Materials 19 (2010) 197–213

a promising candidate for many engineering applications where a high temperature
gradient field is the main concern. The original purpose of these materials was to
develop thermal barrier coatings for the propulsion system of space-planes to resist
high temperature and ensure high thermal conductivity at the same time [1]. How-
ever, their unique properties have stimulated the interests of researchers towards
the development of new potential structural and functional applications. Therefore,
these materials are being still studied constantly to explore their characteristics from
different points of view.

For potential applications as structural elements, FGM beams, plates, shells, and
cylinders have been studied extensively for different geometries under different
loading conditions. Yongdong et al. [2] and Zhong and Yu [3] considered FGM
beams of rectangular cross-section for the analysis of stress due to mechanical
loads. Thermal load was considered by Xiang and Yang [4] for the analysis of free
and forced vibration of a laminated functionally graded Timoshenko beam of vari-
able thickness. A Timoshenko beam of FGMs was also considered to investigate
the post-buckling behavior in response to the thermal load [5]. FGM beams have
been considered not only for stress, vibration, and buckling analyses but also for
the analysis of fracture behavior [6].

Chen and Liew [7] and Feldman and Aboudi [8] analyzed buckling characteris-
tics of rectangular FGM plates in response to nonlinearly distributed in-plane edge
loads and uniaxial load, respectively. Assuming the material properties to be varied
in the thickness direction according to the sigmoid function, geometrically non-
linear analysis was carried out for FGM plates and shells by Kim et al. [9]. The
solutions of axisymmetric bending and buckling of an FGM circular plate based on
third-order plate theory and classical plate theory have been discussed by Ma and
Wang [10]. In our previous study [11], an FGM rectangular plate under mechani-
cal load was considered with a view to examining the effect of nonhomogeneous
parameters on the elastic field. Chung and Chang [12] also considered an FGM rec-
tangular plate to study the mechanical behavior of the plate subjected to thermal
loadings.

FGM circular cylinder and hollow sphere were considered by Obata and Noda
[13] to carry out the analysis of thermal stresses. A similar study was carried out
by Liew et al. [14] to investigate the thermal stress behavior of an FGM circular
cylinder. As the FGMs have continuously varying coefficient of thermal expan-
sion, an eigenstrain [15] is inherently developed in the materials when they un-
dergo a change in temperature. The incompatibility of this eigenstrain causes an
eigenstress or thermal residual stress to develop in these materials. Thus, the in-
compatible eigenstrain is an important issue to be considered in characterizing the
FGM bodies. By taking into account the effect of incompatible eigenstrain, Afsar
and Sekine [16], Afsar and Anisuzzaman [17], and Afsar et al. [18] analyzed the
brittle fracture characteristics of thick-walled FGM cylinders.

Among other geometries of FGM bodies, a rotating FGM hollow shaft with fixed
ends was chosen by Eraslan and Akis [19] for estimating the elastoplastic response
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of the shaft and a rotating FGM sandwich solid disk with material gradient in the
thickness direction was considered by Zenkour [20] for the analysis of stress and
displacement.

It is found from the above discussion that extensive studies on FGMs have been
carried out to explore their potential applications mainly as structural elements like
beams, plates, shells, and cylinders. Studies on FGMs to explore their functional
applications in the field of cutting and grinding tools seem to be inadequate in the
literatures. Cho and Park [21] have investigated the thermoelastic characteristics of
functionally graded lathe cutting tools composed of Cr–Mo steel shank and ceramic
tip with a view to exploring their thermomechanical superiority. They found that the
thermomechanical stress concentration was significantly relaxed by adding an FGM
layer between the steel shank and the ceramic tip and thus justified the potential of
FGMs for high performance metal cutting tools.

In this study, attention is focused on the concept of FGMs in the design of
a circular disk type cutter or a grinding disk. A circular cutter or a grinding disk
experiences a higher temperature at the cutting edge or grinding surface when it
rotates and comes in contact with an object, and a lower temperature at the central
region of the disk. Further, the cutting edge or grinding surface of the tool should
be harder and have high wear resistance while the central part should have a higher
toughness. A uniform material or bi-materials cannot meet these requirements be-
cause a high thermal stress is developed in the case of a uniform or bi-materials that
causes failure. However, these requirements of a disk can be met up by designing
the disk with the concept of FGMs. This urges one to understand, quantify, and
improve the thermoelastic characteristics of a rotating FGM circular disk which, in
turn, requires a suitable analysis model. In an attempt to achieve this goal, this study
concentrates on the development of a suitable model and analysis of thermoelastic
characteristics of a rotating FGM circular disk with a concentric hole. The incom-
patible eigenstrain developed in the disk due to nonuniform CTE and the inertia
force due to rotation of the disk are taken into account. Here, it is worthwhile to
mention that although such a disk type cutter or grinder experiences a contact load
when it comes in contact with a work piece, it is not considered in the present study.
The solution of the contact problem of an FGM disk can be considered in another
study and superposed with the solution of the present thermoelastic problem to ob-
tain the resultant characteristics. The Young’s modulus, CTE, and density of the
FGM disk are assumed to vary exponentially only in the radial direction while the
Poisson’s ratio is assumed to be constant [10, 22]. Based on the two-dimensional
thermoelastic theories, the problem is reduced to the solution of a second-order dif-
ferential equation. Using a variational approach and Ritz method, a finite element
model is developed to obtain a numerical solution of the problem. The validity of
the finite element model is verified for a homogeneous circular rotating disk. Then,
the model is demonstrated for an Al2O3/Al FGM disk and some numerical results
of thermoelastic stresses and strains are presented to examine the effects of temper-
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200 J. Go et al. / Advanced Composite Materials 19 (2010) 197–213

Figure 1. Analytical model of the problem.

ature distribution profile, radial thickness of the disk, angular speed of the disk, and
the inner and outer surface temperature difference.

2. Statement of the Problem

With reference to the polar coordinate system r–θ , a rotating FGM circular disk
with a circular hole at the center of the disk is shown in Fig. 1. The constituent
materials of the FGM disk are denoted by A and B which are, respectively, repre-
sented by the dark and white colors as shown in the figure. The distribution of each
material continuously varies along the radial direction only. The radii of the hole
and the disk are designated by a and b, respectively. Further, the angular velocity of
the disk is denoted by ω, which can be determined from the relation ω = 2πN/60,
where N is the revolutions per minute (rpm). As the material distribution is the
function of r only, all the properties of the FGM disk are also functions of r only,
which reduces it to the axisymmetric problem. The Young’s modulus E, coefficient
of thermal expansion α, and the density ρ of the FGM disk are assumed to vary
exponentially as:

E = E0eβr , (1a)

α = α0eγ r , (1b)

ρ = ρ0eμr . (1c)

It is noted that the surface of the hole (r = a) contains 100% material A whereas
the outer surface of the disk (r = b) contains 100% material B . Thus, the constants
in equation (1) can be determined as:

E0 = EAe−βa, (2a)

α0 = αAe−γ a, (2b)

ρ0 = ρAe−μa, (2c)
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β = 1

a − b
ln(EA/EB), (3a)

γ = 1

a − b
ln(αA/αB), (3b)

μ = 1

a − b
ln(ρA/ρB). (3c)

The subscripts A and B of a variable are used to denote the properties of the con-
stituent materials A and B , respectively, while the non-subscripted variables are
used to represent the properties of the FGM composed of the materials A and B .
Although the material properties vary continuously from the inner surface to the
outer surface of the disk, the properties at a point are assumed to be same at all
the directions, i.e., the FGM disk is isotropic. Further, the disk has a small constant
thickness. As a result, the analysis falls under the case of the plane stress condition.

3. Thermoelastic Formulation

Eigenstrains [15] are nonelastic strains or free expansion strains that are developed
in a body and arise for various reasons, such as phase transformation, precipitation,
temperature change, etc. The incompatibility of these eigenstrains produces stresses
that should be taken into account along with other loadings in order to obtain the
resultant effects. In the present study, the eigenstrain is associated with the thermal
expansion as the FGM disk undergoes a change in temperature. Since the material
of the FGM disk is isotropic, the thermal eigenstrain at a point is the same in all
directions which can be given by

ε∗ = α(r)T (r), (4)

where T (r) is the change in temperature at any point r . The total strain is the sum of
the elastic strain and the eigenstrain. Thus, the components of total strain are given
by

εr = er + ε∗, (5a)

εθ = eθ + ε∗, (5b)

where εr and εθ are the radial and circumferential components of the total strain,
and er and eθ are the radial and circumferential components of the elastic strain,
respectively. It is noted that the shear strain component does not come into the
scenario due to the symmetric deformation of the disk. The elastic strains are related
to stresses by Hooke’s law. Thus,

εr = 1

E
(σr − νσθ ) + ε∗, (6a)

εθ = 1

E
(σθ − νσr) + ε∗, (6b)
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where σr and σθ are the radial and circumferential stress components, respectively.
By considering the inertia force due to the rotation of the disk as the only body
force, the two-dimensional equilibrium equations in polar coordinate can be written
as:

∂σr

∂r
+ 1

r

∂τrθ

∂θ
+ σr − σθ

r
+ ρω2r = 0, (7a)

∂τrθ

∂r
+ 1

r

∂σθ

∂θ
+ 2τrθ

r
= 0. (7b)

Because of the symmetry, τrθ vanishes and σr, σθ are independent of θ . Thus, the
second equilibrium equation (equation (7b)) is identically satisfied and the first
equilibrium equation (equation (7a)) is reduced to

d

dr
(rσr) − σθ + ρω2r2 = 0. (8)

Now, the substitution of

F = rσr (9a)

into equations (8) and (6), respectively, gives

σθ = dF

dr
+ ρω2r2, (9b)

εr = 1

E

(
F

r
− ν

dF

dr

)
− νρ

E
ω2r2 + ε∗, (10a)

εθ = 1

E

(
dF

dr
− νF

r

)
+ ρω2r2

E
+ ε∗. (10b)

To satisfy the compatibility condition between the strain components, we con-
sider the strain–displacement relations which, for the axisymmetric problem, are
given by

εr = dur

dr
, (11a)

εθ = ur

r
. (11b)

From these two equations, it is seen that the two strain components are related by
εr = d/dr(rεθ ). By making use of equation (10) into this relation, one can readily
obtain

d2F

dr2
+

(
1

r
− β

)
dF

dr
+ 1

r

(
βν − 1

r

)
F

= ρω2r(βr − μr − ν − 3) − Eα

(
γ T + dT

dr

)
. (12)

Equation (12) is the governing second-order differential equation. Once this equa-
tion is solved for F , the components of stress, strain, and displacement can readily
be found from equations (9), (10), and (11), respectively.
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4. Finite Element Formulation

As the analytical solution of equation (12) is quite involved, the finite element
method is adopted to obtain its numerical solution. Following the variational ap-
proach, equation (12) is multiplied by a trial function w and integrated over the
domain of the problem to obtain:∫ b

a

w
d2F

dr2
dr +

∫ b

a

(
1

r
− β

)
w

dF

dr
dr +

∫ b

a

1

r

(
βν − 1

r

)
w F dr =

∫ b

a

wf (r)dr,

where

f (r) = ρω2r(βr − μr − ν − 3) − Eα

[
γ T + dT

dr

]
(13)

integration by parts yields∫ b

a

dw

dr

dF

dr
dr −

∫ b

a

(
1

r
− β

)
w

dF

dr
dr −

∫ b

a

1

r

(
βν − 1

r

)
wF dr

= −
∫ b

a

wf (r)dr + w(b)
dF

dr
(b) − w(a)

dF

dr
(a). (14)

For the present rotating disk problem, the following boundary conditions apply

(i) r = a,σr = 0, i.e., F(a) = 0,

(ii) r = b,σr = 0, i.e., F(b) = 0.

It is seen that both the boundary conditions are essential and homogeneous. The
function w must satisfy these boundary conditions.

Now, the radial domain of the disk 
 = (a, b) is divided into N number of
subdomains 
e = (re, re+1), where e = 1,2, . . . ,N . Since equation (14) is valid
throughout the domain 
, it is valid in all the subdomains 
e. Thus, the variational
form of equation (14) is:

B(w,F ) = l(w), (15)

where

B(w,F ) =
∫ re+1

re

dw

dr

dF

dr
dr −

∫ re+1

re

(
1

r
− β

)
w

dF

dr
dr

−
∫ re+1

re

1

r

(
βν − 1

r

)
wF dr, (16a)

l(u) = −
∫ re+1

re

wf (r)dr + w(re+1)
dF

dr
(re+1) − w(re)

dF

dr
(re). (16b)

The solution is assumed in the form of

F =
2∑

j=1

Fe
j φe

j , (17)

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
6:

51
 1

7 
Fe

br
ua

ry
 2

01
3 



204 J. Go et al. / Advanced Composite Materials 19 (2010) 197–213

where

φe
1 = re+1 − r

re+1 − re
, (18a)

φe
2 = r − re

re+1 − re
. (18b)

Applying the Ritz method, equation (15) can be written as:

2∑
j=1

Ke
ijF

e
j = Le

i , (19)

where

Ke
ij = B(φe

i , φ
e
j ), (20a)

Le
i = l(φe

i ). (20b)

Equation (19) is a system of algebraic equations, which can be used to form a global
system of algebraic equations by satisfying the continuity condition Fe

2 = Fe+1
1 .

The global system of algebraic equations is then solved by the Gauss elimination
method. The solution of equation (19) gives the discrete values of F at the global
node points which are used in equation (17) to compute F at any intermediate
points. By making use of equations (9), (10), and (11b), the components of stress,
strain, and displacement are then obtained as:

σr = 1

r

2∑
j=1

Fe
j φe

j , (21a)

σθ =
2∑

j=1

Fe
j

dφe
j

dr
+ ρω2r2, (21b)

εr = 1

E

2∑
j=1

[
Fe

j φe
j

r
− νF e

j

dφe
j

dr

]
− νρω2r2

E
+ ε∗, (22a)

εθ = 1

E

2∑
j=1

[
Fe

j

dφe
j

dr
− ν

r
F e

j φe
j

]
+ νρω2r2

E
+ ε∗, (22b)

ur = r

E

2∑
j=1

[
Fe

j

dφe
j

dr
− ν

r
F e

j φe
j

]
+ νρω2r3

E
+ rε∗. (23)

Here, it is noted that the present finite element model can be applied to a homoge-
neous circular rotating disk by setting the parameters β = γ = μ = 0.
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5. Results and Discussion

In this section, some numerical results of different components of stress and strain
are presented for an Al2O3/Al FGM disk in which the ingredient materials Al and
Al2O3 correspond to A and B , respectively. The mechanical and thermal properties
of these ingredient materials are shown in Table 1. The Poisson’s ratio of the FGM
disk is taken as 0.3, which is kept constant throughout the material. To verify the
validity of the present finite element model, it is applied to the case of a homoge-
neous isotropic disk of Al to obtain the components of displacement and stress due
to rotation only, without considering any thermal load. The results are compared
with the analytical solution obtained by Timoshenko and Goodier [23]. It is noted
that the present finite element model can be applied to the homogeneous disk under
rotation only by setting the parameters β = γ = μ = 0 and ε∗ = 0. The compari-
son of the displacement and stress components corresponding to b/a = 10 and the
angular speed N = 150 rpm are presented in Figs 2 and 3, respectively. It is noted
that the results agree well within the acceptable limit. The maximum difference is
2.5%, which is found to occur in the displacement at the outer surface of the disk.
This small discrepancy in the results is attributed to the inherent error in numerical

Table 1.
Mechanical and thermal properties of Al and Al2O3

Materials Properties

Young’s modulus Coefficient of thermal Density
(MPa) expansion (/◦C) (g/cm3)

Al 71 23.1 × 10−6 2.70
Al2O3 380 8.0 × 10−6 0.96

Figure 2. Comparison of radial displacement in a homogeneous circular disk under rotation.
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calculations by the finite element model. Thus, it is verified that the present finite
element model is capable of producing reliable results with high accuracy.

As all the parameters of interest are only a function of the radial distance of
the disk, the disk is meshed in the radial direction only with uniform distribution
and equal size of the elements. The dependence of the element size on the results is
examined for a disk of inner and outer radii of a = 15 mm and b = 150 mm, respec-
tively. As all the components of stress, strain, and displacement are computed from
the parameter F , the convergence test is carried out only for F . It is obvious that the
convergence of F ensures the convergence of the stress, strain, and displacement.
Figure 4 shows the convergence criterion of F over the entire radial thickness of
the disk. It is noted that the value of F converges very well for the element size of

(a) (b)

Figure 3. Comparison of stress components in a homogeneous circular disk under rotation; (a) radial,
(b) circumferential.

Figure 4. Effect of element size on the parameter F .
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5 mm. However, all the results presented in this section correspond to the element
size of 1 mm which is chosen to ensure further accuracy of the results.

To examine the effect of temperature distributions on the components of stress
and strain, three different prescribed profiles of temperature distribution as a func-
tion of normalized radial distance of the disk are considered as shown in Fig. 5.
The three temperature distribution profiles are: linear, parabolic, and exponential
profiles. It is worthwhile to mention that the present FE model is valid for any tem-
perature distributions for the analysis of thermoelastic characteristics. However, the
temperature distributions shown in Fig. 5 are selected as some examples. These
temperature distributions can be reasonably expected in an actual grinding disk as
a grinding disk or cutter experiences a higher temperature at the grinding (outer)
surface and a lower temperature (reasonably room temperature) at the inner surface
with a continuous variation of temperature from the outer to the inner surface of
the disk. Thus, the actual temperature distribution in a grinding disk can be repre-
sented by one of the temperature distributions shown in Fig. 5. For the prescribed
temperature distributions in Fig. 5, the corresponding results of stress and strain
are presented in Figs 6 and 7, respectively, for the parameters N = 150 rpm and
b/a = 10.0. Shown in Fig. 6(a) are the radial stress distributions from which it is
seen that the parabolic temperature distribution yields a compressive radial stress at
the outer region and a tensile radial stress at the inner region of the disk. On the other
hand, the linear and exponential temperature distributions produce tensile radial
stress throughout the entire disk. However, for any temperature distribution, the ra-
dial stress is zero at the inner ((r−a)/(b−a) = 0) and outer ((r−a)/(b−a) = 1.0)

surfaces of the disk to satisfy the boundary conditions of the problem. Further, it
is noted that the maximum magnitude of the radial stress is obtained for the ex-
ponential temperature distribution. The circumferential stress component as shown
in Fig. 6(b) has different characteristics from those of the radial stress component.

Figure 5. Prescribed temperature distribution profiles along the radial direction of the disk.
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For any temperature distribution, the circumferential stress is compressive over a
part of the disk and tensile over the other part of the disk. For parabolic tempera-
ture distribution, the stress is tensile at and near the inner and outer surfaces of the
disk and compressive over the middle region of the disk. The other two temperature
distributions (linear and exponential) develop tensile stress over the inner region
and compressive stress over the outer region of the disk. As before, the maximum
magnitude of the circumferential stress is obtained for the case of exponential tem-
perature distribution. However, the maximum circumferential stress occurs at the
outer surface of the disk. Figure 7(a) and 7(b) illustrates the distributions of radial
strain and circumferential strain, respectively, for the prescribed temperature distri-
butions of Fig. 5 and N = 150 rpm, b/a = 10.0. For any temperature distribution,
the radial strain component as seen from Fig. 7(a) has the minimum value at the
inner surface and then rapidly increases towards the outer surface over the inner
region of the disk. On the contrary, the circumferential strain component has the

(a) (b)

Figure 6. Effect of temperature distribution on the components of stress; (a) radial, (b) circumferential.

(a) (b)

Figure 7. Effect of temperature distribution on the components of strain; (a) radial, (b) circumferential.

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
6:

51
 1

7 
Fe

br
ua

ry
 2

01
3 



J. Go et al. / Advanced Composite Materials 19 (2010) 197–213 209

maximum value at the inner surface then decreases over the inner region of the disk
with r . However, both the strain components have the maximum magnitude for the
parabolic temperature distribution.

For the linear temperature distribution of Fig. 5 and angular speed N = 150 rpm,
the components of stress and strain are plotted in Figs 8 and 9, respectively, for
different values of the ratio b/a to investigate the effects of the radial thickness
on the results. The value of the ratio b/a is the measure of the radial thickness of
the disk. If it is imagined that the outer radius b is constant and the inner radius
a is varied, the radial thickness decreases as the ratio b/a decreases (a increases)
and vice versa. As the radial thickness decreases, the maximum value of the radial
stress decreases. In other words, the magnitude of the radial stress increases with
the decreases of the size of the hole at the center of the disk. Further, the position
of the peak value of the stress moves towards the outer surface as the hole size
increases. The nature of the distribution of the circumferential stress as a function

(a) (b)

Figure 8. Effect of radial thickness on the components of stress; (a) radial, (b) circumferential.

(a) (b)

Figure 9. Effect of radial thickness on the components of strain; (a) radial, (b) circumferential.
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of b/a is shown in Fig. 8(b). The magnitude of the circumferential stress increases
with the increase of the hole size (decrease of b/a), which shows the reverse trend
from that of the radial stress component. Figure 9(a) and 9(b) illustrates the effect of
radial thickness on the radial and circumferential strain components, respectively.
Although the outer region of the disk has almost the same magnitude of strain,
there is a considerable variation of strains at the inner region of the disk with the
variation of the radial thickness. In this region, the radial strain increases and the
circumferential strain decreases as the radial thickness increases, i.e., the hole size
decreases.

Figures 10 and 11 illustrate the effects of angular speed — centrifugal force in
other words — on the distribution of stress and strain, respectively. The results
correspond to the radial thickness b/a = 10 and linear temperature distribution of
Fig. 5. Four different values of the angular speed N = 200,600,1000, and 1500 rpm
have been considered. A higher angular speed develops a higher centrifugal force.

(a) (b)

Figure 10. Effect of angular speed on the components of stress; (a) radial, (b) circumferential.

(a) (b)

Figure 11. Effect of angular speed on the components of strain; (a) radial, (b) circumferential.
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Therefore, the disk experiences the greater radial and circumferential stresses with
the rising value of the angular speed, as elucidated in Fig. 10(a) and 10(b). Due to
the same reason, the strain components also have a higher value for a higher angular
speed as illustrated in Fig. 11(a) and 11(b). However, the radial strain component
shown in Fig. 11(a) shows somewhat different characteristics. Over the region of
0.04 < (r − a)/(b − a) < 0.64, the radial strain increases with the increases of the
angular speed. Over the regions of (r − a)/(b − a) < 0.04 and (r − a)/(b − a) >

0.64, the radial strain has the reverse characteristics, i.e., the radial strain decreases
as the angular speed increases.

The temperature of the grinding surface of a disk is in fact not constant. Rather,
it varies depending on the speed, contact time, material of work piece, etc. Thus,
the effect of the grinding surface temperature on the distribution of stress and strain
is analyzed and presented in Figs 12 and 13 for b/a = 10, N = 150 rpm, and lin-
ear temperature profile of Fig. 5. Keeping the inner surface temperature constant

(a) (b)

Figure 12. Effect of temperature difference on the components of stress; (a) radial, (b) circumferential.

(a) (b)

Figure 13. Effect of temperature difference on the components of strain; (a) radial, (b) circumferential.
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(20◦C), the outer surface (grinding surface) temperature is varied to 150, 300, 400,
and 500◦C. It is found that the magnitude of all the components of stress and strains
increases as the outer surface temperature is increased. This agrees with the obvious
fact that the disk will encounter a more critical situation under the case of a higher
temperature difference.

6. Conclusions

A finite element model has been developed to analyze the thermoelastic characteris-
tics of a rotating FGM circular disk with a concentric hole. The validity of the model
is verified by comparing the results obtained for a disk of homogeneous isotropic
material. Then, it is demonstrated for an Al2O3/Al FGM disk, and numerical re-
sults of different components of stress and strain have been presented. It is found
that the thermoelastic characteristics of an FGM disk are largely dependent on the
temperature distribution profile, radial thickness, angular speed, and inner and outer
surface temperature difference. The thermoelastic characteristics can be controlled
by controlling these parameters. Thus, the finite element model developed in this
study can be used in designing of an FGM circular cutter or grinding disk to ensure
proper and reliable thermoelastic characteristics in service.
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